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I. INTRODUCTION 

 

The purpose of this paper is to consider optimal portfolio selection when a dominated 

asset is included in the menu of investment opportunities.  Asset A dominates asset B 

if (1) the cash payments to A are at least as high as those to B and strictly greater than 

the payoff to B in at least one possible state outcome, and (2) if the current price of A 

is less than or equal to the price of B. 

 

Of course, in highly developed capital markets with tight bid/offer spreads and ready 

information, we would not expect to observe dominating assets on an ongoing basis.  

Arbitrageurs would execute riskless arbitrage trades by shorting the dominated assets 

(asset B) and taking a long position in the dominating asset (asset A).  This trading 

activity, when done in sufficient size, will drive the value of asset A up and the value 

of asset B down.  Profitable arbitrage trades would continue to exist until the value of 

asset A was greater than the value of asset B. 

 

However, in less than perfect markets, sufficient frictions could exist so as to make 

the arbitrage trade infeasible.  In this case, the dominating/dominated asset 

relationship could persist.  For example, if shorting under ideal conditions with full 

use of the proceeds is not available, the arbitrage trade could be difficult or 

impossible to execute.  Similarly, wide bid/offer spreads and brokerage transaction 

costs could also eliminate otherwise riskless arbitrage trades. 

 

In this paper, portfolio selection will be studied assuming a dominated asset exists.  

The investor’s portfolio decision will be considered under mean-variance portfolio 

selection (MV) compared with portfolio selection using the expected utility of 

terminal wealth maximization maxim (EU).  It is well known that MV is a special 

case of EU if security returns are assumed to be normally distributed or if agents are 

assumed to possess quadratic utility functions, see the seminal works of Markowitz 

(1959) and Sharpe (1970).  Furthermore, Merton (1969, 1971) has shown that MV is 

“approximately” correct in a multi-period, continuous time setting.   

 

Considerable empirical research on MV over the past 30 years has consistently shown 

flaws in the MV model.  As such, much theoretical work has been done to re-engineer 

the MV paradigm to make it more empirically reliable.  See, for example, Fama and 

French (1992).  While none of these extensions has been fully satisfying, analysts and 

practitioners continue to employ the MV apparatus even when neither of the two 

necessary conditions is likely to hold (i.e., normality or quadratic utility) and in the 

presence of conflicting empirical results.   

 

Most financial economists would argue that the expected utility of terminal wealth 

maximization maxim is a more basic decision making criterion function than MV.  

However, because it is utility function dependent, it is less tractable than MV, 

especially when equilibrium and market clearing conditions are imposed on the 

model.  For example, to impose equilibrium, the analyst would necessarily need to 

aggregate utility functions of all market participants – a virtually impossible task.  
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Nonetheless, we would want any more tractable portfolio selection procedure to be 

consistent with EU.  

 

The aim of this paper will be to explore whether MV and EU make compatible 

portfolio selection decisions in the presence of a dominating asset.  If not, we would 

argue that another weakness in the MV method had been demonstrated.   

 

In Section II, the general portfolio optimization problem under MV and EU will be 

presented.  Section III provides an example, in the presence of a dominated asset, in 

which MV is inconsistent with EU.  In particular, it is shown that the dominated asset 

is included in some portfolios along the mean-variance efficient portfolio frontier.  As 

such, some investors would end up holding a long position in the dominated asset in 

their final portfolio.  However, in a companion EU decision making approach, the 

dominated asset is not held long in the final portfolio. 

 

The menu of assets in the investment opportunity set is provided using the time-state 

framework, making it easy to introduce dominating/dominated assets to the menu.  A 

three asset, three state model is presented to highlight the inconsistency between MV 

and EU when a dominated asset is present. 

 

Section IV is a brief summary.     

 

 

II. EXPECTED UTILITY MAXIMIZATION AND MEAN-VARIANCE 

PORTFOLIO OPTIMIZATION 

 

Employing the time-state preference model, the expected utility of terminal wealth 

maximizer would make optimal portfolio decisions as follows. 

 

Let 

 

N = # of securities in the investment opportunity set 

 

M = # of outcome states; M is presumed to fully span the outcome space 

 

Cij = cashflow to security i if state j obtains 

 

Ni = # of shares of security i purchased 

 

iP   = price/share of security i at time 0 

 

j   = probability that state j occurs 

1
1

M

j

j  
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 oW  = initial wealth of the investor 

 

 WU  = utility of terminal wealth function that is monotonically increasing 

and  concave 

 

The EU decision rule has the investor maximize expected utility by choosing security 

investments subject to the initial wealth budget constraint.   
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Forming the Lagrangian, we have 
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The (N+1) first order conditions are: 
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In general, these first order conditions are (N+1) non-linear equations in the (N+1) 

unknowns 
***

2

*

1 .,,, NNNN                                                                                   . 

 

The mean-variance portfolio optimization approach solves for the efficient portfolio 

frontier – the locus of portfolios in which, for any level of expected return, the 

variance of return is minimized.  Individual investors would then choose from this set 

of frontier portfolios so as to maximize utility.  Note that for any point on the efficient 

frontier, it is possible to exhibit a specific utility function for which the chosen point 

is the final optimal portfolio.  The derivation below will follow Merton (1972).   

 

(1) 

 

 

(2) 

(3) 
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It is standard when performing mean-variance optimization to work with the 

proportion of total wealth held in each asset as opposed to the number of shares of 

each asset held.   

 

Let 

 

 iw = proportion of security i held in the portfolio 

 

By definition 
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Define 

 

 ji =  covariance of return between security i and security j 

 

 2

iii =  variance of return on security i 

 

 i =  expected return on security i 

 

For any expected return level Ø, MV will find the minimum variance portfolio to 

deliver the expected return Ø. 
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The (N+2) first order conditions are linear in :,,, *

2
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Merton (1972) has shown that the solution to the first order conditions is a parabola in 

mean-variance space and a hyperbola in mean-standard deviation space. 

 

III. MV AND EU INCONSISTENCY – AN EXAMPLE 

 

Consider the following simple 3 asset, 3 state tableau: 

 

State Payoff to Asset 

#1 

Payoff to Asset 

#2 

Payoff to Asset #3 State 

Probability 

1 $15 $15 $12 .33 

2  20  20   9 .33 

3  35  25 10 .34 

 

If 

 

P1 = $18.65 

P2 = $18.65 

P3 = $  9.84 

 

it is clear that security #1 dominates security #2.  In anticipation of performing MV 

optimization, the rate of return and covariance ( ji ) of return matrices are prepared. 

 

Rij =  rate of return on security i if state j obtains  

 

Rate of Return Asset # 

 

 1 2 3 

1 -.20 -.20 .22 

2 .07 .07 -.09 

3 .88 .34 .02 

 

For any security i, the expected rate of return, i  is  

 ji

j

ji R
3
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so that 
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2571.
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Covariance Matrix ji  

Asset # 

 1 2 3 

1 .2094 .0965 -.0242 

2 .0965 .0481 -.0181 

3 -.0242 -.0181 .0159 

 

where 
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Now, given this financial data for the three assets in the investment opportunity set, 

MATLAB is used to solve (5) – (7) for a given Ø .  To trace out the efficient portfolio 

frontier, (5) – (7) are solved for different values of  Ø .  That is, for any Ø value, 

MATLAB solves the constrained minimization (5) – (7) to select optimal portfolio 

weights 
*

3

*

2

*

1 ,, www .  Using these three portfolio weights in conjunction with the 

covariance matrix, the corresponding portfolio standard deviation is computed. 

 

Our relevant question becomes: Are there portfolios along the efficient frontier in 

which 0*

2w ? Stated differently: Is a dominated asset held long in any mean-

variance efficient portfolio?  If so, there is the likelihood that some investors would 

wish to hold the dominated asset long in their final portfolio.   

 

For the 3 asset scenario that we constructed the answer to these questions is YES.   

 

Appendix A provides , Ø pairs which trace the efficient frontier along with the 

related portfolio weights 
*

3

*

2

*

1 and,, www  for each efficient portfolio.  Along this 

efficient frontier, Ø ranges between 5.7% and 25.7% while  varies between 6.6% 

and 45.8%.  Note that in the Ø range between 5.8% and 10.0%, 0*

2w .  So for low 

expected return (and low variance) efficient portfolios, the dominated asset (asset #2) 

comes into the portfolio with a positive portfolio weight meaning that it is to be held 

long in that particular portfolio.  This counterintuitive result may arise from the fact 

that asset #2 is significantly negatively correlated with asset #3, 65.023 , and 

that MV includes asset #2 in these portfolios to take advantage of its variance 

A
ss

et
 #
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reduction (diversification) properties.  The dominant asset #1 is also negatively 

correlated with asset #3, 42.013 , and highly correlated with asset #2,  

96.012 .  In this example, when  Ø>10% , the benefits of diversification provided 

by asset #2 are outweighed by its low (relative to the dominate asset #1) expected 

return contribution and we observe 0*

2w .  Note that the particular version of 

MATLAB used constrained all portfolio weights to be non-negative.  If this were not 

the case, we would expect to have seen possible shorting 0*

2w  of asset #2. 

 

The important takeaway for our purposes from this MV analysis is that there exist 

optimal portfolios which hold the dominated asset long.  Below we will show that the 

EU analysis (again via example) leads to optimal portfolios in which the dominated 

asset is not held long. This result will illustrate the inconsistency between the MV and 

EU models. 

 

For the EU illustration, consider an investor with quadratic utility of terminal wealth 

facing the same 3 asset investment opportunity set as above.  The utility function is 

written as: 
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For the numerical example, we will choose the parameter b so that, given the asset 

choices, U (W) is increasing so as to avoid satiation.  Since bWWU 1 , first 

order conditions (3) and (4) become 
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Choosing b = 0.01 and 0W   = $50, the solution to the 4 equation system (3') and (4'), 

which is linear in {
*

kN } and *  is: 
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The numerical solution was obtained using the EXCEL 2002 built-in functions 

MINVERSE and MMULT.  Note that *

2N , the number of shares of the dominated 

asset to be held, is negative.  That is, in the optimal portfolio for this quadratic utility 

investor, the dominated asset is to be shorted.  This result is in stark contrast to the 

MV solution in which the dominated asset can be held long. 

 

To demonstrate that the result is robust for a wider range of quadratic utility functions, 

a sensitivity analysis on b was performed.  Appendix B shows that *

2N  will be 

negative for a range of parameter choices that ensure non-satiation. 

 

 

IV. SUMMARY 

 

In this paper it was shown that, by way of example, if investors have quadratic utility 

functions and are expected utility of terminal wealth maximizers, they will never hold 

a dominated asset in their final portfolio.  It was also shown that there exist mean-

variance efficient portfolios that contain long holdings of the dominated asset.  

Therefore, under the MV approach, it is possible that some (quadratic utility) 

investors choose portfolios containing long positions in the dominated asset.  Yet the 

direct EU calculations demonstrate that this is never the case for such investors.   

 

While this is a very special case example of the inconsistency of MV and EU, it does 

highlight another areas of weakness associated with mean-variance analysis.   

 

Areas of further research could include expanding consideration to a more 

comprehensive investment opportunity set and consideration of other utility function 

classes in the EU analysis. 
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APPENDIX A: MEAN-VARIANCE EFFICIENT PORTFOLIOS 
 

     Ø        w1* w2*         W3* 

0.058 0.066 0.000 0.339 0.661 

0.059 0.067 0.003 0.353 0.644 

0.060 0.068 0.009 0.344 0.647 

0.061 0.069 0.015 0.335 0.650 

0.062 0.070 0.021 0.327 0.653 

0.063 0.071 0.027 0.318 0.655 

0.064 0.072 0.033 0.309 0.658 

0.065 0.074 0.038 0.300 0.661 

0.066 0.075 0.044 0.292 0.664 

0.067 0.076 0.050 0.283 0.667 

0.068 0.077 0.056 0.274 0.670 

0.069 0.078 0.062 0.265 0.673 

0.070 0.079 0.068 0.257 0.676 

0.071 0.080 0.074 0.248 0.678 

0.072 0.081 0.080 0.239 0.681 

0.073 0.082 0.085 0.230 0.684 

0.074 0.084 0.091 0.222 0.687 

0.075 0.085 0.097 0.213 0.690 

0.076 0.086 0.103 0.204 0.693 

0.077 0.087 0.109 0.195 0.696 

0.078 0.088 0.115 0.187 0.699 

0.079 0.089 0.121 0.178 0.702 

0.080 0.090 0.127 0.169 0.704 

0.081 0.091 0.132 0.160 0.707 

0.082 0.092 0.138 0.152 0.710 

0.083 0.093 0.144 0.143 0.713 

0.084 0.095 0.150 0.134 0.716 

0.085 0.096 0.156 0.125 0.719 

0.086 0.097 0.162 0.116 0.722 

0.087 0.098 0.168 0.108 0.725 

0.088 0.099 0.174 0.099 0.727 

0.089 0.100 0.179 0.090 0.730 

0.090 0.101 0.185 0.081 0.733 

0.091 0.102 0.191 0.073 0.736 

0.092 0.103 0.197 0.064 0.739 

0.093 0.105 0.203 0.055 0.742 

0.094 0.106 0.209 0.046 0.745 

0.095 0.107 0.215 0.038 0.748 

0.096 0.108 0.221 0.029 0.751 

0.097 0.109 0.226 0.020 0.753 

0.098 0.110 0.232 0.011 0.756 

0.099 0.111 0.238 0.003 0.759 

0.100 0.112 0.243 0.000 0.757 

0.101 0.113 0.248 0.000 0.752 

0.102 0.115 0.253 0.000 0.747 
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APPENDIX A: MEAN-VARIANCE EFFICIENT PORTFOLIOS 
 

     Ø        w1* w2*         W3* 

0.103 0.116 0.258 0.000 0.742 

0.104 0.117 0.263 0.000 0.737 

0.105 0.118 0.267 0.000 0.733 

0.106 0.120 0.272 0.000 0.728 

0.107 0.121 0.277 0.000 0.723 

0.108 0.123 0.282 0.000 0.718 

0.109 0.124 0.287 0.000 0.713 

0.110 0.126 0.292 0.000 0.708 

0.111 0.127 0.296 0.000 0.704 

0.112 0.129 0.301 0.000 0.699 

0.113 0.130 0.306 0.000 0.694 

0.114 0.132 0.311 0.000 0.689 

0.115 0.134 0.316 0.000 0.684 

0.116 0.135 0.320 0.000 0.680 

0.117 0.137 0.325 0.000 0.675 

0.118 0.139 0.330 0.000 0.670 

0.119 0.141 0.335 0.000 0.665 

0.120 0.142 0.340 0.000 0.660 

0.121 0.144 0.345 0.000 0.655 

0.122 0.146 0.349 0.000 0.651 

0.123 0.148 0.354 0.000 0.646 

0.124 0.150 0.359 0.000 0.641 

0.125 0.152 0.364 0.000 0.636 

0.126 0.153 0.369 0.000 0.631 

0.127 0.155 0.373 0.000 0.627 

0.128 0.157 0.378 0.000 0.622 

0.129 0.159 0.383 0.000 0.617 

0.130 0.161 0.388 0.000 0.612 

0.131 0.163 0.393 0.000 0.607 

0.132 0.165 0.398 0.000 0.602 

0.133 0.167 0.402 0.000 0.598 

0.134 0.169 0.407 0.000 0.593 

0.135 0.171 0.412 0.000 0.588 

0.136 0.173 0.417 0.000 0.583 

0.137 0.175 0.422 0.000 0.578 

0.138 0.177 0.426 0.000 0.574 

0.139 0.180 0.431 0.000 0.569 

0.140 0.182 0.436 0.000 0.564 

0.141 0.184 0.441 0.000 0.559 

0.142 0.186 0.446 0.000 0.554 

0.143 0.188 0.451 0.000 0.549 

0.144 0.190 0.455 0.000 0.545 

0.145 0.192 0.460 0.000 0.540 

0.146 0.194 0.465 0.000 0.535 

0.147 0.197 0.470 0.000 0.530 

0.148 0.199 0.475 0.000 0.525 
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APPENDIX A: MEAN-VARIANCE EFFICIENT PORTFOLIOS 
 

     Ø        w1* w2*         W3* 

0.149 0.201 0.480 0.000 0.520 

0.150 0.203 0.484 0.000 0.516 

0.151 0.205 0.489 0.000 0.511 

0.152 0.208 0.494 0.000 0.506 

0.153 0.210 0.499 0.000 0.501 

0.154 0.212 0.504 0.000 0.496 

0.155 0.214 0.508 0.000 0.492 

0.156 0.216 0.513 0.000 0.487 

0.157 0.219 0.518 0.000 0.482 

0.158 0.221 0.523 0.000 0.477 

0.159 0.223 0.528 0.000 0.472 

0.160 0.225 0.533 0.000 0.467 

0.161 0.228 0.537 0.000 0.463 

0.162 0.230 0.542 0.000 0.458 

0.163 0.232 0.547 0.000 0.453 

0.164 0.234 0.552 0.000 0.448 

0.165 0.237 0.557 0.000 0.443 

0.166 0.239 0.561 0.000 0.439 

0.167 0.241 0.566 0.000 0.434 

0.168 0.244 0.571 0.000 0.429 

0.169 0.246 0.576 0.000 0.424 

0.170 0.248 0.581 0.000 0.419 

0.171 0.251 0.586 0.000 0.414 

0.172 0.253 0.590 0.000 0.410 

0.173 0.255 0.595 0.000 0.405 

0.174 0.258 0.600 0.000 0.400 

0.175 0.260 0.605 0.000 0.395 

0.176 0.262 0.610 0.000 0.390 

0.177 0.264 0.614 0.000 0.386 

0.178 0.267 0.619 0.000 0.381 

0.179 0.269 0.624 0.000 0.376 

0.180 0.272 0.629 0.000 0.371 

0.181 0.274 0.634 0.000 0.366 

0.182 0.276 0.639 0.000 0.361 

0.183 0.279 0.643 0.000 0.357 

0.184 0.281 0.648 0.000 0.352 

0.185 0.283 0.653 0.000 0.347 

0.186 0.286 0.658 0.000 0.342 

0.187 0.288 0.663 0.000 0.337 

0.188 0.290 0.667 0.000 0.333 

0.189 0.293 0.672 0.000 0.328 

0.190 0.295 0.677 0.000 0.323 

0.191 0.297 0.682 0.000 0.318 

0.192 0.300 0.687 0.000 0.313 

0.193 0.302 0.692 0.000 0.308 

0.194 0.305 0.696 0.000 0.304 
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APPENDIX A: MEAN-VARIANCE EFFICIENT PORTFOLIOS 
 

     Ø        w1* w2*         W3* 

0.195 0.307 0.701 0.000 0.299 

0.196 0.309 0.706 0.000 0.294 

0.197 0.312 0.711 0.000 0.289 

0.198 0.314 0.716 0.000 0.284 

0.199 0.317 0.720 0.000 0.280 

0.200 0.319 0.725 0.000 0.275 

0.201 0.321 0.730 0.000 0.270 

0.202 0.324 0.735 0.000 0.265 

0.203 0.326 0.740 0.000 0.260 

0.204 0.329 0.745 0.000 0.255 

0.205 0.331 0.749 0.000 0.251 

0.206 0.333 0.754 0.000 0.246 

0.207 0.336 0.759 0.000 0.241 

0.208 0.338 0.764 0.000 0.236 

0.209 0.341 0.769 0.000 0.231 

0.210 0.343 0.773 0.000 0.227 

0.211 0.345 0.778 0.000 0.222 

0.212 0.348 0.783 0.000 0.217 

0.213 0.350 0.788 0.000 0.212 

0.214 0.353 0.793 0.000 0.207 

0.215 0.355 0.798 0.000 0.202 

0.216 0.357 0.802 0.000 0.198 

0.217 0.360 0.807 0.000 0.193 

0.218 0.362 0.812 0.000 0.188 

0.219 0.365 0.817 0.000 0.183 

0.220 0.367 0.822 0.000 0.178 

0.221 0.370 0.827 0.000 0.173 

0.222 0.372 0.831 0.000 0.169 

0.223 0.374 0.836 0.000 0.164 

0.224 0.377 0.841 0.000 0.159 

0.225 0.379 0.846 0.000 0.154 

0.226 0.382 0.851 0.000 0.149 

0.227 0.384 0.855 0.000 0.145 

0.228 0.387 0.860 0.000 0.140 

0.229 0.389 0.865 0.000 0.135 

0.230 0.391 0.870 0.000 0.130 

0.231 0.394 0.875 0.000 0.125 

0.232 0.396 0.880 0.000 0.120 

0.233 0.399 0.884 0.000 0.116 

0.234 0.401 0.889 0.000 0.111 

0.235 0.404 0.894 0.000 0.106 

0.236 0.406 0.899 0.000 0.101 

0.237 0.409 0.904 0.000 0.096 

0.238 0.411 0.908 0.000 0.092 

0.239 0.413 0.913 0.000 0.087 

0.240 0.416 0.918 0.000 0.082 
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APPENDIX A: MEAN-VARIANCE EFFICIENT PORTFOLIOS 
 

     Ø        w1* w2*         W3* 

0.241 0.418 0.923 0.000 0.077 

0.242 0.421 0.928 0.000 0.072 

0.243 0.423 0.933 0.000 0.067 

0.244 0.426 0.937 0.000 0.063 

0.245 0.428 0.942 0.000 0.058 

0.246 0.431 0.947 0.000 0.053 

0.247 0.433 0.952 0.000 0.048 

0.248 0.436 0.957 0.000 0.043 

0.249 0.438 0.961 0.000 0.039 

0.250 0.440 0.966 0.000 0.034 

0.251 0.443 0.971 0.000 0.029 

0.252 0.445 0.976 0.000 0.024 

0.253 0.448 0.981 0.000 0.019 

0.254 0.450 0.986 0.000 0.014 

0.255 0.453 0.990 0.000 0.010 

0.256 0.455 0.995 0.000 0.005 

0.257 0.458 1.000 0.000 0.000 
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APPENDIX B: EU SOLUTION WITH QUADRATIC UTILITY – SENSITIVITY 
TO      
                        PARAMETER b 
 

 

b N2* 

.001 -199.31 

.002 -93.17 

.003 -57.78 

.004 -40.09 

.005 -29.48 

.006 -22.40 

.007 -17.35 

.008 -13.56 

.009 -10.61 

.010 -8.25 

.011 -6.32 

.012 -4.71 

.013 -3.35 

.014 -2.19 

.015 -1.18 

.016 -0.29 

 

 


